
 

                                                                     

CONTACT MODEL: HERTZ-MINDLIN 

This is soft-sphere model which is used to calculate particle-particle or particle wall contact. In both 

cases calculations are similar, however, when particle-wall contact is calculated, then particle radius and 

mass are considered as equivalent radius 𝑅∗ and mass 𝑀∗.  

Velocities: 

�̅�𝑟𝑒𝑙 = �̅�2 − �̅�1 + �̅�1 × 𝑟�̅� − �̅�2 × 𝑟�̅�2 

�̅�𝑟𝑒𝑙,𝑛 = �̅�𝑛 ∙ (�̅�𝑛 ∙ �̅�𝑟𝑒𝑙) 

�̅�𝑟𝑒𝑙,𝑡 = �̅�𝑟𝑒𝑙 − �̅�𝑟𝑒𝑙,𝑛 

Additional parameters: 

𝛼 =
ln(𝑒)

√𝜋2 + ln2(𝑒)
 

𝑅∗ =
𝑟1 ∙ 𝑟2
𝑟1 + 𝑟2

 

𝑀∗ =
𝑚1∙𝑚2

𝑚1+𝑚2
  

𝐸∗ = (
1 − 𝜈1

2

𝐸1
+
1 − 𝑣2

2

𝐸2
)

−1

 

Normal force: 

 𝜉𝑛 = 𝑟1 + 𝑟2 −|𝑂2 − 𝑂1| 

 𝑘𝑛 = 2𝐸∗√𝜉𝑛 ∙ 𝑅
∗ 

 𝐹�̅� = −�̅�𝑛 ∙
2

3
𝜉𝑛 ∙ 𝑘𝑛 − �̅�𝑛 ∙ 𝑠𝑔𝑛(�̅�𝑟𝑒𝑙,𝑛 ∙ �̅�𝑛) ∙ 1.8257 ∙ 𝛼 ∙ |�̅�𝑟𝑒𝑙,𝑛| ∙ √𝑘𝑛 ∙ 𝑀

∗ 

Tangential force: 

 ∆𝜉�̅� = �̅�𝑟𝑒𝑙,𝑡 ∙ ∆𝑡 

 𝑘𝑡 = 8 ∙ 𝐺∗ ∙ √𝑅∗ ∙ 𝜉𝑛 

 ∆𝐹�̅� = [𝑘𝑡 ∙ ∆𝜉�̅� − 1.8257 ∙ 𝛼 ∙ �̅�𝑟𝑒𝑙.𝑡 ∙ √𝑘𝑡 ∙ 𝑀
∗] 

 �̅�𝑡,𝑝𝑟
𝑐𝑜𝑟 = �̅�𝑡,𝑝𝑟 − �̅�𝑛 ∙ (�̅�𝑛 ∙ �̅�𝑡,𝑝𝑟)   



 

                                                                     

 �̅�𝑡,𝑝𝑟
𝑐𝑜𝑟 = �̅�𝑡,𝑝𝑟

𝑐𝑜𝑟 ∙ |�̅�𝑡,𝑝𝑟|/|�̅�𝑡,𝑝𝑟
𝑐𝑜𝑟| 

𝐹�̅� = �̅�𝑡,𝑝𝑟
𝑐𝑜𝑟 + ∆𝐹�̅� 

 if  

   |𝐹�̅�| > 𝜇𝑠𝑙 ∙ |𝐹�̅�|  

 then 

  𝐹�̅� = 𝜇𝑠𝑙 ∙ |𝐹�̅�| ∙
𝐹�̅�

|𝐹�̅�|
 

Rolling friction: 

 �̅�𝑟𝑜,1 = −𝜇𝑟𝑜 ∙ |𝐹�̅�| ∙ 𝑟1 ∙
�̅�1

|�̅�1|
 

�̅�𝑟𝑜,2 = −𝜇𝑟𝑜 ∙ |𝐹�̅�| ∙ 𝑟2 ∙
�̅�2

|�̅�2|
 

Summarized forces and moments acting on particle (wall): 

�̅�𝑡𝑜𝑡 = �̅�𝑛 + 𝐹�̅� 

�̅�1 = �̅�𝑛 + 𝐹�̅� 

�̅�2 = −�̅�𝑛 − 𝐹�̅� 

�̅�𝑡𝑜𝑡,1 = 𝑟�̅� × 𝐹�̅� ∙ 𝑟1 + �̅�𝑟𝑜,1      

�̅�𝑡𝑜𝑡,2 = −𝑟�̅� × 𝐹�̅� ∙ 𝑟2 + �̅�𝑟𝑜,2 
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Symbol Description 

∆�̅�𝒕 Tangential displacement in the current step [m] 

𝒆  Restitution coefficient [-] 

𝑬∗ Equivalent Young’s modulus [Pa] 

𝑬𝟏, 𝑬𝟐 Young’s moduli of contact partners [Pa] 

�̅�𝒏, �̅�𝒕 Force in normal and tangential directions [N] 

�̅�𝒕,𝒑𝒓 Tangential force on previous iteration [N] 

𝑮∗ Equivalent shear modulus [Pa] 

�̅�𝒓𝒐 Moment due to the rolling friction [N] 

𝒎𝟏,𝒎𝟐 Particle masses [kg] 

𝑴∗ Equivalent mass [kg] 

𝑶𝟏, 𝑶𝟐 Centers of contact partners [m] 

𝝁𝒓𝒐, 𝝁𝒔𝒍 Coefficient of rolling friction and sliding friction [-] 

�̅�𝒓𝒆𝒍 Relative velocity [m/s] 

�̅�𝟏, �̅�𝟐 Translational velocities of contact partners [m/s] 

𝒓𝟏, 𝒓𝟐 Particle radii [m] 

𝑹∗ Equivalent radius [m] 

𝒓�̅� Contact vector [m] 

�̅�𝒏 Normalized contact vector [-] 

�̅�𝟏, �̅�𝟐 Rotation velocities of particles [rad/s] 

𝝃𝒏 Normal overlap [m] 

 

 

 


